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ON THE SUMMATION OF CERTAIN LEGENDRE SERIES 
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SUMMARY 

The purpose of this paper is to find some recurrence relations for sums of infinite series of the form 
~ P~(cosO)t~+m/(~+m). This is achieved by transforming the sums into integrals and then using the recurrence 
relations for these integrals. 

1. In troduct ion  

R e c e n t l y ,  whi le  d i s c u s s i n g  the p r o b l e m  of d e f o r m a t i o n  of  an  e l a s t i c  s p h e r e  
by  i n t e r n a l  d i s p l a c e m e n t  d i s l o c a t i o n s ,  we [ 2 ]  e n e o u n t e r e d  in f in i t e  s e r i e s  of 
the f o r m  E P ~ ( e o s  @)tL+m/(~+m). S i m i l a r  s e r i e s  a l s o  o c c u r  in p r o b l e m s  of 
d e f o r m a t i o n  of an e l a s t i e  s p h e r e  by c e r t a i n  s t r e s s  d i s t r i b u t i o n s  o v e r  i t s  
s u r f a c e ,  (e. g. [5-1). The  p u r p o s e  of th i s  p a p e r  is  to f ind  s o m e  r e e u r r e n c e  
r e l a t i o n s  f o r  s u m s  of s u c h  s e r i e s .  T h i s  is  a c h i e v e d  by  t r a n s f o r m i n g  the 
s u m s  in to  i n t e g r a l s  and then  u s i n g  the r e c u r r e n c e  r e l a t i o n s  f o r  t h e s e  i n -  
t e g r a l s .  The  d e r i v e d  r e c u r r e n c e  r e l a t i o n s  c a n  be u s e d  to s u m  t h e s e  i n -  
f in i te  s e r i e s  f o r  a l I  p o s i t i v e  i n t e g r a l  v a l u e s  of  m and  n. B e n - M e n a h e m  
[ 1 3  has  found s i m i l a r  r e c u r r e n c e  r e l a t i o n s  f o r  L e g e n d r e  s e r i e s  wi th  g e n e r a l  
t e r m P ~ ( e o s  @ ) t ! : + m + l / F ( f + l ) . ( 2 + 2 ) . . . ( 2 + m + l ) ] .  T h e s e  L e g e n d r e  s e r i e s  e an  
a l s o  be- s u m m e d  by  u s i n g  the r e s u l t s  d e r i v e d  in the p r e s e n t  p a p e r .  

R e c u r r e n c e  r e l a t i o n s  f o r  the L e g e n d r e  s e r i e s  E P ~ ( c o s  0 ) t Z ' m / ( f - m )  and 
aP2 (cos o) 

80 t~+-m/(f im) a r e  a l s o  d e r i v e d .  

2. Der iva t ion  of  the r e c u r r e n c e  re la t ions  

We define 
s 

t 
Sin, n : Z~n ~---~--~- m P~(cos  e), (i) 

w h e r e  Itl ~< i0 m and n a r e  a r b i t r a r y  p o s i t i v e  i n t e g e r s  and P 2 ( e o s  O) is the 
a s s o c i a t e d  L e g e n d r e  f u n c t i o n  of the f i r s t  k ind wi th  the d e f i n i t i o n  [-73 

dnpz (cos  0) 
P ~ ( c o s  @) = (s in  @)n (2) 

d (cos  @)n 

and  w h e r e  P~ (cos  O) is the L e g e n d r e  p o l y n o m i a l  of d e g r e e  2 .  
We know tha t  

Pf (cos e)t p- - 1 (3) 
5 0  S ' 

( I t l . . <  1, 0 < O < 7r) 

* On leave from the Department of Mathematics, Kurukshetra University, Kurukshetra, india. 
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where 

s = (l-2t cosO + t2) �89 

From equations (2) to (4), we obtain 

p ~ ( c o s O ) t t _  (2n)!  ( s i nO)  n t n 
l=n n~ 2 n S 2n+l 

(4) 

(5) 

and so 

p ~ ( e o s O ) t l + m - 1  _ (2n):  ( s i nO)  n t n+rrl'l 
s n '  2 n S 2n+l 

(6) 

I n t e g r a t i n g  b o t h  s i d e s  o f  e q u a t i o n  (6) w i t h  r e s p e c t  to  %, we  f i nd  
[ 

t f*m _~n)~ I tn+m-ldt  
Sin, n =l~n ~ P~(eos {9) = (sino)n 2n+l 

n'. 2 n s 0 

W h e n  r e = n = 0 ,  we define 

t ~ 
= ~ T P~ (cos0). SO'O l=l 

If we w r i t e  
t 

f t m d t  
Jm,n = s2n+ 1 

0 

t h e n  e q u a t i o n  (7) c a n  be  w r i t t e n  a s  

(n+m>~l) 

(7) 

(8) 

(9) 

= (2n)'. ( s in  o) ~ 
Sm'n n~ 2 n Jn+m-l,n 

(n+m ~ i) 

(1o) 

Next we make use of the well-known relations [3,4] 

61 m 
Jm.n = c o s  @ + - 2 n - 1  ' (11) 

2 n - 2 m + l  m - 1  t m'l 
2n-m Jm-l,n + ~  Jm-2,n - (2n -m)s 2n-I 

( m ~ 2 n ,  m >1 I) 

t 2n-I 

J2n,n = cOS @ J2n-l,n + J2n-2.n-1 (2n_l)s2n_ 1 ' 

(n>~ 1) 
t 

I dt 
Jo ,n  = s2n+ 1 

(12) 

o 
n-1 2 ~ ( n - 1 ) ( n - 2 ) . . .  ( n -k )  s -2kl  f t - c o s 0  1 + E . ,  . ^ ,  

\sin V k=l (2n-l)(sin O)2s 2n-1 ( 2 n - 3 ) ( 2 n - 5 ) . . .  (2n-2k'l) 

f n-1 2~ ( n - 1 ) ( n - 2 ) . . .  ( n -k )  i } 
cosO 1 + k__s (2n-3)(2n-5)...(2n-2k-l) " 0)2~ ' 

(2n-l)(sin 8) 2 (sin 
(131 

(n~  11 
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0 

~ - ~  I log (14) 
s+cos O-t 

From equations (i0) to (14), we arrive at the following recurrence relations: 
( t <_ 1, 0 < 0 < 70 

2m - 1 re+n-  t 
Sin+l. n = cos @ m--"---n-- Sm,n m - n  Sm-l.n 

+ (2n)' (sin@)n { t r e + n - 1 .  + --5(l'n)m } 

n~ 2 n (m_n)s2n-i 2n-i ' 

(m r n, re+n21) 

(15) 

+ (2n-1)sin@ _ (2n-2)~ 
Sn+l, n = c o s 0  Sn, n Sn.n_ 1 ( n - l )  I- 2n_l 

(n ~ 1) 
(16) 

_ (2n)~ ( s in0)  n 
Sl-n'n n! 2 a J0.n 

(n >/ 1) 

(17) 

{ s-cos0+t } { l+cos o .} 
S1. 0 = log  1 -cos  0 = log  s+eos  @-t " (18) 

The r e c u r r e n c e  r e l a t i o n s  (15) and (16) t o g e t h e r  wi th  e q u a t i o n s  (17) and  
(18) enab le  one to e v a l u a t e  the in f in i t e  s u m s  

= ~_ P~(eosO)tl+m/(~+m)-- for all It1 ..< 1 and f o r  all Sm,n p o s i t i v e  i n t e g r a l  

v a l u e s  of m and n, i n c l u d i n g  z e r o ,  e x c l u d i n g  the e a s e  re=n=0. To  e v a l u a t e  
S0,0, as  de f ined  in equa t ion  (8), we p r o c e e d  as  fo l lows :  

F r o m  equa t ion  (3) we have  

Ps (cos e)t f'l = i__ _ 1 (19) 
s =I ts t 

Integrating, we get 
t 

S~176 Z=l-[- Pf (cos fl) = ~ at 
0 

=-l~ { l+s-t c~ } 2  " (20) 

To these, we add another relation of the same type which is sometimes 
required, namely, 

(22+1)tfP~(eos0) - (2n+l)l (sin0) n tn(l_t2). (21) 
l=n n~ 2 n S 2n+3 

( I t l  .< 1,  0 < 8 < 7r) 

This can be easily proved by a differentation of equahon (5) with respect 
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to t followed by simple algebraic operations. 
We consider next the sum 

S' _- ~ t "~-m 
m.n f=rn+l Z-------m P i  (cos  @) 

t ~ pn  : ~ ~- (cos e). 
K = 1  K+lqn 

( I t l  ..< I) 

(22) 

Using the following recurrence relation F63 for the Legendre functions 
[-with the necessary change due to different definition of P~(x)] 

P~ (x) : x P$(x) + (~) ~ p~-I  (x) (23) 
+1 J 

equation (22) can be reduced to 

Sl 
m,n  = cos O S' + (re+n-l) sine S' m-l,n m-l,n-1 

+ sine ~ tk pn-1 (cos@). 
=1 m+ ~-1 

(n >i l ,  m ~ 1) (24) 

But from equation (5), 

~. t" p~-I (cos el - 
m+~-I 

I~--1 

(2n-2)~ (sin e) n ' l  t n'm 

(n-l)~ 2 n-I s 2n-I 

_ ~ tZ-m+l p~-I (COS O). 

( I t l - .<  1, 0 < e < ~r) 

(25) 

From equations (24) and (25), we obtain 

S? 
nq,i1 

= cos@ S' + (m+n-l) sine S r 
m-l,n m-l,n-I 

+ (2n-2)' .  ( s i n e ) n  t n ' m  m-1 ~ " p~-1 ( c o s  e ) .  
( n - l ) '  2 n-1 s 2n'1 - s i n e  s ~ tz-m+• 

(n >t 1, m ~ 1, Itl ~< 1, 0 < e < 7r) 

(26) 

Comparing equations (I) and (8) with (22), it is obvious that 

Sl 
0,n S0,n (27) 

and so S' 
0,n 

S! 
111,0 

can be found from equation (15) to (18) and (20). Further 

= ~ t z 'm 
~=m+l ~ - m  P~ (cos e) (28) 

t ~ 
= ~ ~- P+m (cos @). (29) 
k=l 

Making use of the relation [6] 

nPn(x) = (2n- l )  x P-1 (x) - (n-1)P_2 (x), (30) 
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e q u a t i o n  (29) reduces to 

2 m - 1  m - 1  
S' - cos @ S' S' 

m,O m m-l,O m m-2,0 

r -  t ?.i  )} 
1 t.~ Em_1'2+2 Pl (cose) -cos0 .1=Em-2-$-  i- P j ( c o s 0  . 

m t m - 
(m >/ 1) 

(31) 

Using equation (I), (15) to (18), this becomes 

S' _ 2m-I cos @ S' _ m-____j_l S' 
m,O m m-l,0 m m-2 ,0  

1 s - l + c o s 0 .  E ~ Pi(c~ - i E = 0 - ~  Pi(c~ . 
m t m I=0 

(m ~ 1, It l  ..< 1 ,  0 < @ < 7r) 

(32) 

F u r t h e r ,  f r o m  e q u a t i o n s  (20) and  (27), we h av e  

S'0,0 = -l~ { l+s-t c~ } 2  " (33) 

F r o m  e q u a t i o n s  (32) and (33), one c a n  e v a l u a t e  S' m 0 f o r  a l l  i n t e g r a l  v a l u e s  
of m .  T h e r e f o r e ,  f r o m  e q u a t i o n s  (26), (27), (3'2) and  (33),  S'm, n c a n  be 
e v a l u a t e d  f o r  a l l  ItJ ..< 1 and f o r  a l l  p o s i t i v e  i n t e g r a l  v a l u e s  of m and n 
including zero. 

Lastly, let us consider the infinite sum 

D = ~ ts 8P~(cos  @) 
m,n i=n s  80 ' (34) 

(m+n >I 1) 
_ t~ aP~ (cos o) 

D~176 -I=~i s 8• (35) 

U s ing  e q u a t i o n s  (1), (5) and the r e l a t i o n  [ 6 ]  

d 
(1-'x2) dx - - vx  P$(x)  + (v+,u) l:~v_l (x), (36) 

it follows at once that 

sin @ D 
In ,n  = (m-n) Sin+l, n - m cos 0 Sin, n 

+ (2n)! ( s in0 )n  (cos  O-t) t n*m 
n.' 2n S 2n+l 

(m+n ~ I) (37) 

From equation (20), 

sin@ D0, 0 = -cos0 + sl (cos0-t). (38) 

From e q u a t i o n s  (37) and (38) and the r e c u r r e n c e  r e l a t i o n s  f o r  Sin. n , one  
can  f ind D f o r  a l l  p o s i t i v e  in tegra l ,  v a l u e s  of m and n i n c l u d i n g  z e r o .  

iTl,n 
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Similarly~ if 

D' = 
m , a  2 = m + l  

n 
tl-m 8PI (cos 0) 

-m ~O ' 
(m >/ 1) 

it can be p r o v e d  that 

sin 0 D' 
m,n 

= m c o s O  S'm,n - (m+n)S 'm_t ,  n - t Pn(eOSm 0) 

+ (2n)! ( c o s O - t ) t  n-m ( s i n  O)~ - ( c o s O - t )  ~ t 2 -mp~(eosO) ,  
n[ 2 n S 2n+l l=0 

(m >~ i) 

(39) 

(40) 

D' = D (41) 
O,n O,n 

S u m s  i n v o l v i n g  h i g h e r  d e r i v a t i v e s  of L e g e n d r e  func t ions  can  be  hand led  
s i m i l a r l y .  

3. Some ezpl ic i t  resu l t s  

F o r  r e a d y  r e f e r e n c e ,  we  give b e l o w  the v a l u e s  of S 
In , I1  

and n=0, 1, 2: 

S [Equation (20)] 
0,0 

S1. 0 [ E q u a t i o n  (18) ]  

$2.0 = s-i + x l~ { s-x+t }l-x 

, 3  { s - x + t  } 
Sa,o = 5 s t - g  x ( 1 - s ) + � 8 9 1 7 6  1 -x  

f o r  re=O, 1, 2, 3 

In general 

(x : cos  O) (42) 

Sin+l,0 = Jm,0  
t 

I t  m = dt (43) 
s 

0 

Thi s  i n t e g r a l  has  b e e n  c o n s i d e r e d  b y  B e n - M e n a h e m  E l i  in s o m e  de ta i l .  
T h e r e  it  has  b e e n  s h o w n  that  

w h e r e  

I t m  I d t  --dt = hm(t,x)s + Pro(x) -- , 
s s 

m-1 m-1 
hm(t , x )  = Wm_l(X ) E t K P~(x)  - Pro(x) I:; t w .=o ~=o - W .  1 (x), 

w .~(x) : ~ j-i J:l P_~ (x) ~_j (x). 
F r o m  e q u a t i o n s  (14), (43) and (44), we have  

{ s-x+t } 
Sm+l, 0 = hm(t'x)S-hm(0'x) + L (x) log l-x " 

(44) 

(45) 

(46) 

(47) 

(m >~ o) 
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YS0,1 = x + ( t - x ) / s  

yS1,1 = l-(l-xt)/s 

YS2,1 = x-sl-Ex+(1-2x2)t]  + (1 -x  2) l o g  { s-x+t }l_x 

-- ,o4  } 

l+x  2 
So, 2 = l_x2 

2x 
SI'2 l-x 2 

2 
$2, 2 - l_x2 

S 3,2 

_ _  + 2x(t-x) l-xt 

s ( 1 - x  2) s 3 

+ ( t -x ) ( l+x2)  + (2x2-1)  t - x  

S(1 -x 2) s 3 

_ _ _  + xq, 3 - x 2 ) - 2 x 4 + 3 x 2 - 3  + 1 

s(l-x 2) s 3 

= x(5-3x2) - 2 t (4x4 -7x2+2)+x(2x4-5x2+4)  

l-x 2 s ( 1 - x  2) 

__ { s-x+t } 
+ 1 E t ( 8 x 4 _ 8 x 2 + l ) _ x ( 4 x 2 _ 3 ) ] + 3 ( l _ x  2) l o g "  l-x 

s 3 

[x t (4x  2-3)+1-2x 2] 

where 

x = cosO, y = sinO = %/l-x 2 , 

Itl..< i, 0 < @ < =. 

Further 

S' = -x + l -s  { l+s-tx} 
1,0 T - x log 2 

yS,l,l= 2x2_i +is_ [l_2x2+xt}, (l_x 2) log { l+s-tx } 2  

3-x 2 t-x { 2 1 } 
S ~ = x--+ +-- 

1,2 i -x 2 s i -x 2 s 2 

281 

(48) 

(49) 

(50) 

(5i) 

4. Remarks 

We may add here that by using the generating function [6] 

1 = ~ c ~ ( t ) ~  n (52) 
n J (1-2ozt+a2[ n=0 

for the Gegenbauer polynomials and following the method applied in this 
paper, one can find recurrenee relations for series involving Gegenbauer 
polynomials similar to those obtained in the present paper for sums of 
Legendre functions. 
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